For a nonzero integer n, a set of m distinct nonzero integers {a 1 , a 2 , . . . , am} such that a i a j + n is a perfect square for all 1 ≤ i < j ≤ m, is called a D(n)-m-tuple. In this paper, by using properties of so-called regular Diophantine m-tuples and certain family of elliptic curves, we show that there are infinitely many essentially different sets consisting of perfect squares which are simultaneously D(n 1 )-quadruples and D(n 2 )-quadruples with distinct non-zero squares n 1 and n 2 .
Introduction
For a nonzero integer n, a set of distinct nonzero integers {a 1 , a 2 , . . . , a m } such that a i a j + n is a perfect square for all 1 ≤ i < j ≤ m, is called a Diophantine m-tuple with the property D(n) or D(n)-m-tuple. Sometimes it is convenient to allow that n = 0 in this definition. The D(1)-m-tuples are called simply Diophantine m-tuples, and sets of non-zero rationals with the same property are called rational Diophantine m-tuples. The first rational Diophantine quadruple, the set 1 16 , 33 16 , 17 4 , 105 16 was found by Diophantus of Alexandria. By multiplying elements of this set by 16 we obtain the D(256)-quadruple {1, 33, 68, 105}. The first Diophantine quadruple, the set {1, 3, 8, 120}, was found by Fermat. In 1969, Baker and Davenport [2] , proved that Fermat's set cannot be extended to a Diophantine quintuple. Recently, He, Togbé and Ziegler proved that there are no Diophantine quintuples [14] . Euler proved that there are infinitely many rational Diophantine quintuples. The first example of a rational Diophantine sextuple, the set {11/192, 35/192, 155/27, 512/27, 1235/48, 180873/16}, was found by Gibbs [13] , while Dujella, Kazalicki, Mikić and Szikszai [7] recently proved that there are infinitely many rational Diophantine sextuples (see also [6, 8, 9] ). It is not known whether there exists any rational Diophantine septuple. Gibbs' example shows that there exist a D(2985984)-sextuple. It is not known whether there exist a D(n)-septuple for any n = 0. Moreover, it is not known whether there exist a D(n)-sextuple for any n which is not a perfect square. For an overview of results on Diophantine m-tuples and its generalizations see [5] .
In [15] , A. Kihel and O. Kihel asked if there are Diophantine triples {a, b, c} which are D(n)-triples for several distinct n's. In [1] , several infinite families of Diophantine triples were presented which are also D(n)-sets for two additional n's. Furthermore, there are examples of Diophantine triples which are D(n)-sets for three additional n's. If we omit the condition that one of the n's is equal to 1, then the size of a set N for which there exists a triple {a, b, c} of nonzero integers which is a D(n)-set for all n ∈ N can be arbitrarily large.
In [11] , we proved that there are infinitely many nonequivalent sets of four distinct nonzero integers {a, b, c, d} with the property that there exist two distinct nonzero integers n 1 and n 2 such that {a, b, c, d} is a D(n 1 )-quadruple and a D(n 2 )quadruple (we called equivalent quadruple {a, b, c, d} with properties D(n 1 ) and D(n 2 ) and quadruple {au, bu, cu, du} with properties D(n 1 u 2 ) and D(n 2 u 2 ) for a non-zero rational u). We presented two constructions of infinite families of such quadruples. The first of them contains pairs {a, b} such that a/b = −1/7, while in the second family we allowed that n 1 = 0.
In this paper, we will improve results of [11] by considering so-called regular Diophantine m-tuples.
Equation (1) is symmetric under permutations of a, b, c, d. Since the right hand side of (1) is a square, it is clear that a regular D(n)-quadruple may exist only if n is a perfect square. On the other hand, if n = ℓ 2 is a perfect square, then e.g. {ℓ, 3ℓ, 8ℓ, 120ℓ} is a regular
In this paper, we consider the question is it possible that a quadruple {a, b, c, d} is simultaneously a regular D(u 2 )-quadruple and a regular D(v 2 )-quadruple for u 2 = v 2 (we called such sets doubly regular Diophantine quadruples). We will give an affirmative answer to this question. Moreover, in our solution all elements a, b, c, d will be perfect squares. So, if we allow n = 0 in the definition of D(n)-m-tuples, we get quadruples which are simultaneously D(n 1 )-quadruples, D(n 2 )-quadruples and D(n 3 )-quadruples, with n 1 = n 2 = n 3 = n 1 , thus improving the results from [11] .
Our main result is Theorem 1. There are infinitely many nonequivalent sets of four distinct nonzero integers {a, b, c, d} which are regular D(n 1 ) and D(n 2 )-quadruples for distinct nonzero squares n 1 and n 2 . Moreover, we may take that all elements of these sets are perfect squares, so they are also D(0)-quadruples.
The construction of sets with the properties from Theorem 1 use a parametrization of rational Diophantine triples and properties of certain family of elliptic curves (for other connections between Diophantine m-tuples and elliptic curves see e.g. [4, 10] .
Construction of doubly regular Diophantine quadruples
As we mentioned in the introduction, in [11] we constructed two infinite families of such quadruples which are D(n 1 ) and D(n 2 )-quadruples with n 1 = n 2 . We also listed some sporadic examples which do not fit in these two infinite families. None of these examples is such that n 1 and n 2 are both non-zero squares. However, in some of them one of the numbers n 1 , n 2 is a square. For example, {28, 6348, 18750, 88872} is a D(330625) and D(38101225)-quadruple and 330625 = 575 2 . Moreover, {28, 6348, 18750, 88872} is regular D(330625)-quadruple.
Assume now that
We will use a parametrization of rational D(1)-triples which is a slight modification of the parametrization due to L. Lasić [16] (see also [9] ). Lasić's parametrization is
From the condition that {a, b, c, d} is a regular D(1)-quadruple, we compute d and we obtain
By inserting these values of a, b, c, d in the condition of regularity of quadruple {a/x, b/x, c/x, d/x}, we obtain a quadratic equation in x. The discriminant of this equation should be a square, which leads to the condition that
To solve the last condition, we introduce the following substitutions:
Now the condition becomes
which can be considered as a quartic in t 3 :
(2)
The quartic (2) has as obvious rational point (t 3 , w) = (0, 0), so it can be, in the standard way (see e.g. [3, Section 1.2]), transformed in an elliptic curve. To ensure that this curve has positive rank, we will force (2) to have an additional rational point. A good candidate for an additional point is t 3 = 1/m, since it is a root of the discriminant of the left hand side of (2) with the respect to k. By inserting t 3 = 1/m in (2), we get the condition that k(km + 1)(k + m) is a perfect square. From k(km + 1)(k + m) = (km + z) 2 , we get m = k 2 −z 2 k(−1−k 2 +2z) . Here we take for the simplicity that z = 2.
By transforming the quartic we obtain the following elliptic curve over Q(k):
with a rational point
The point P does not give the desired solution because it corresponds to t 3 = 1/m which leads to t 2 = 0. The point
can be used to obtain a solution, since the corresponding a, b, c, d, x satisfy that ab + x 2 , bd + x 2 , cd + x 2 are squares, while ac + x 2 , ad + x 2 , bc + x 2 are (k 3 − k 2 − 3k + 4) × squares, and k 3 − k 2 − 3k + 4 is a square for infinitely many rationals k, e.g. for k = 9 which gives a = 11417283 46008560 , b = 21238123 8220443760 , c = 170755200000 4317001561 , d = 11053943559753125 236381737474116 , x = 51128480819226218972265625 43114448928458253444266961 . However, the more elegant parametric solution is obtained from the point
.
By solving the quadratic equation in x, we obtain
By getting rid of denominators in a, b, c, d, x and by noticing that the resulting elements of the quadruples are perfect squares, we obtain the following proposition, which clearly implies the statements of Theorem 1.
Proposition 2. Let k be an integer such that k = 0, ±1, ±2, and let
Then {a, b, c, d} is a D(n 1 ), D(n 2 ) and D(n 3 )-quadruple, where n 1 = 16k 2 (k + 1) 2 (k − 2) 4 (k + 2) 4 (k − 1) 6 (k Somewhat simpler examples can be found by a brute force search for solutions k, m, t 3 of (2) with small numerators and denominators. Here are some examples obtained in that way:
